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PARABOLIC ANISOTROPIC PROBLEMS WITH
LOWER ORDER TERMS AND INTEGRABLE DATA

MoUSSA CHRIF, SAID EL MANOUNI AND HASSANE HIJIAJ

(Communicated by A. El Hamidi)

Abstract. In this paper we are concerned with the study of a class of second-order quasilinear
parabolic equations involving Leray-Lions type operators with anisotropic growth conditions.
By an approximation argument, we estabilsh the existence of entropy solutions in the framework
of anisotropic parabolic Sobolev spaces when the initial condition and the data are assumed to be
merely integrable. In addition, we prove that entropy solutions coincide with the renormalized
solutions.

1. Introduction

Let Q be an open bounded domain in RN, N> 2, let Or be the cylinder Q X
(0,T) with T >0 and Xy = dQ x (0,T). In framework of parabolic problems in
isotropic case, Boccardo et al. studied in [16] the existence and regularity of solutions
for the nonlinear parabolic equation

u, —div (|Vu|P72Vu) + ap|ul'u=f in Qr,
u =0 on Xr, (1.1)
u(x,0)=0 in Q,
where p > 1+ NLH, s> ’W#, o >0 and the data f is assumed to be in Ll(QT).
Other problems have been considered in this direction, see e.g. [6, 7, 14, 16].

Note that, the notion of renormalized solution has been introduced by DiPerna
and Lions [20] in their study of the Boltzmann equation, then adapted to the study of
elliptic problems with L' -data by Boccardo, Giachetti, Diaz, and Murat [13] and Lions
and Murat (see Lions book on the Navier-Stokes equations [29]). However the notion
of entropy solutions was introduced independently by Bénilan et al. [5], see also [2].

In the last years, anisotropic Sobolev spaces have attracted a lot of attention, the
impulse for this mainly comes from their applications of electro-rheological fluids and
image processing (we refer the reader to [30, 31, 35] for more details).

In the context of stationary problems, let us mention here that several studies have
been devoted to the investigation of related problems and a lot of papers have appeared
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dealing with equations involving anisotropic elliptic problems, see e.g. [15, 19, 27, 32].
There is also a large amount of literature for such problems, which we do not need to
cite here since the reader may easily find such papers, we restrict ourselves to cite some
work related to our topic. In [8], Bendahmane et al. used Hedberg-type’s approximation
to prove existence of distributional solutions in appropriate anisotropic function spaces
for some strongly nonlinear boundary value problems associated with an anisotropic
second-order operator where the data is assumed to be in the dual, see also [11]. Let us
point out that more work in this direction can be found in [18] where the authors studied
the existence and uniqueness results for strongly nonlinear anisotropic problems when
the nonlinear lower-order term having natural growth with respect to the gradient and
the data is regular or merely integrable using penalization methods, and in [17], where
the authors studied some anisotropic elliptic problems of higher order in L', we refer
the reader to [10, 12].

Also in the context of degenerate parabolic problems, it would be interesting to
refer to the works [9, 22]. In [22], Elmahi et al. used an approximation theorem in
inhomogeneous Orlicz—Sobolev spaces to solve a second-order parabolic equation in
Orlicz spaces, see also [21, 25, 26] for related topics. As for the variable exponent case,
in [9], the authors proved the existence and uniqueness of the renormalized solutions
to the nonlinear parabolic problem involving the p(x)-Laplace in the framework of
variable exponent Sobolev spaces

ul —div (|VulPW=2Vy) = f in Qr =Qx(0,T),
u=0 on Xy =0Qx(0,T), (1.2)
u(x,0) = up(x) in Q

with f € L'(Q). Moreover, they proved that u € L‘I(')(07T;W01’q(')(£2)) when p(-) >
2 — ﬁ for all continuous variable exponents g(-) on Q satisfying 1 < g(x) <

%W forall x € Q.

Recently, Abdou et al. proved in [1] the existence of weak solutions for some
quasilinear anisotropic parabolic problem when the data is assumed to be in the dual
and the initial condition in L?(Q).

The aim of this paper is to establish the existence of entropy and renormalized
solutions for some quasilinear anisotropic parabolic problem associated with a second-
order operator of Leray-Lions type

N
w— Y, D'a(x,t,u,Vu) + glx,t,u) = f in  Qr,

i=1 (1.3)
u(x,1) =0 on ZXr,

u(x,0) = up(x) in Q,

where f € L'(Qr), up € L'(Q), and the Carathéodory functions a;(x,s,&) satisfying
some anisotropic growth conditions.

The main difficulty in proving the existence of solutions stems from the fact that
the operator Au is not coercive in the anisotropic parabolic space L”(0, T;WO1 (Q)),
to overcome this difficulty, we will penalize the approximate problems.
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This paper is organized as follows. In section 2 we present some definitions and
results concerning the anisotropic parabolic spaces. We introduce in section 3 some
essential assumptions on a;(x,z,s,&) and g(x,z,s) to assure the existence of entropy
solutions for our quasilinear anisotropic parabolic problem. Section 4 will be devoted
to show the existence of entropy solutions for our problem (1.3). In the last section, we
prove that the entropy solutions of the problem (1.3) are also renormalized solutions.

2. Preliminaries

In this section, we list briefly some definitions and well known facts about aniso-
tropic Sobolev spaces used to study our quasilinear parabolic problem (1.3).
Let Q be an open bounded domain in RY (N > 2) with boundary dQ, and let
Po,P1,---,PN be N+ 1 exponents, with 1 < p; < oo for i=1,...,N. We denote
- 0 i du .
p=Apo,pi1,---.Pn}, D’u=u and Du:a— for i=1,...,N, (2.1)
Xi
and
B:min{po,pl,pg,...,pg\/} then p>1 2.2)

The anisotropic Sobolev space W!7(Q) is defined as follows
WhP(Q)={ueLl™(Q) and DuelLli(Q) for i=1.2,....N}

endowed with the norm

N
15 = 210Ul i) (2.3)
i=0

The space (W!7(Q), |ul|; ) is a separable and reflexive Banach space (cf. [31, 33,
34]).

We define also WO1 P (Q) as the closure of CJ'(Q) in W17(Q) with respect to the
norm (2.3).

Let us recall the Poincaré and Sobolev type inequalities in the anisotropic Sobolev
space.

PROPOSITION 2.1. Let u € Wy'”(Q), we have
(i) Poincaré inequality: there exists a constant C, > 0 such that

ull i@y < Cp ID"ullriq) foranyi=1,...,N.

(ii) Sobolev inequality: there exists a constant Cg > 0 such that

ey < z%%

LPi(Q
where
N
[ g=p" == if Pp<N,
:z—Z— and N-—p
PNSp gell,+=[ i Pp=N.
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LEMMA 2.1. Let Q be a bounded open set in RN (N >2), we set
§ = max(g, max_p;),
then, we have the following embedding:
o if p<N thenthe embedding Wol’ﬁ(Q) —< L'(Q) is compact for any r € [1,s],

e if D= N then the embedding Wol’ﬁ(Q) —<— L"(Q) is compact for any r €
[17+°°[7

e if p> N then the embedding Wol’ﬁ(Q) — L*(Q)NCY(Q) is compact.
For more details, we refer the reader to [23].
PR(ZPOSITION 2.2. We denote the dual of the anisotropic Sobolev space WOl P (Q)
by WP (Q), where p' = {pPy:P}s--- Py} and ﬁ—i—ﬁ =1.
For each F € W=7 (Q) there exists F; € LPi(Q) for i =0,1,...,N, such that
F=F— i D'F;. Moreover, for all u € Wol’ﬁ(Q), we have

i=1

N
(Fyu) = 2/ F;D'udx.
i=07€
We define a norm on the dual space by
N N , ,
IFIl_, 5 = inf{ S |IEll, / F=Fy— Y. D'F; with Fy € L (Q) and F; € Lpi(Q)}.
’ i=0 ' i=1
We refer to [8] for more details.

DEFINITION 2.1. Let k > 0, we consider the truncation function 7;(-) : R+— R,
given by
s if s <k,
L) =3 k2 if |5 > .
5|
We define
Z)l’ﬁ(Q) := {u: Q— R measurable, such that T; (1) € W()l7ﬁ(§2) for any k > 0}.
PROPOSITION 2.3. Let u € Z)l’ﬁ(Q). For i =1,...,N, there exists a unique
measurable function v; : Q+— R such that
D'Ty(u) = Vit X{lu|<ky ~a-ein Q, forany k>0,

where Y4 denotes the characteristic function of a measurable set A. The functions v;
are called the weak partial derivatives of u and are still denoted D'u. Moreover, if u
belongs to WO1 o1 (Q), then v; coincides with the standard distributional derivative of u,
that is v; = D'u.
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2.1. Parabolic spaces
Let Or =Qx (0,T) with 0 < T < oo. We introduce the anisotropic parabolic
space LP(0,T;W7(Q)) by
o o N T
LP(0,T;W'P(Q)) = { u measurable function / Z/ [D'ul|lbidt <eop, (2.4)
=0
endowed with the norm

HuHLﬁ(OJ';WLF(Q)) = Z ||Da”HLI’i(QT)~
i=0

We introduce the functional space L7 (0, T;WO1 P (Q)), defined by
LP(0,T: W P(Q)) = {u e LP(0,T; WP (Q)) / u=00ndQx [O,T]}. 2.5)

The spaces LP(0,T;W'7(Q)) and LP(0, T;Wol’ﬁ(Q)) are separable and reflexive Ba-
nach spaces.
The dual space of L7 (0, T;WO1 P(Q)) is defined as follows

. ; N )
L7 (0,7 w17 (Q)) = {F:FO—ED’& with F; € LP(Qr) for i:O,l,...,N}
i=1

(2.6)
normed by

N N
E N 0 rar-17 @y = inf{%llFiHLp;(QT) | F =R~ X0 vith Fye L(0r)
1= 1=
and F eLl’?(QT)}.

The duality of the spaces Lﬁ(07T;W01’ﬁ(Q)) and LI;'(07T;W_171;'(Q)) is given by the
relation

Z f,D’ )dx forall veLP(0,T;W,7(Q)).
LEMMA 2.2. (cf. [36]) Let | < p<ooandr=1,0r p=c and r > 1.
Let X, B and Y be three Banach spaces such that
the embedding X —< B is compact and the embedding B — Y is continuous.
duy
Let (uy), be abounded sequence in LP(0,T;X), with <8—ut> is boundedin L"(0,T;Y),
Then, there exists u € LP(0,T;B) such that, up to a subsequence, we have
Up — U in LP(0,T;B).

i.e. the sequence (uy), is relatively compact in LP(0,T;B).
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REMARK 2.1. Let p =r =1, taking
x=w'(Q), B=L'(Q) and Y=w'Y(Q).

We have the embedding WOI’1 (Q) —< L' (Q) is compact and the embedding L' (Q) «—
W~L1(Q) is continuous. Then

Jdu

{u:ueLl(O,T;WOl’l(Q)) and 5

e L0, T;W (@) | e L1 (0r).

) 2.7
Moreover, since p > 1, W, P(Q) — W) (Q) and W1 (Q) — W11 (Q) are contin-
uous, it follows that

{u ue LPO,T;WP(Q))  and % e LI;/(O,T;W’I’;’(Q))} s L0y,
(2.8)

3. Essential assumptions and some technical Lemmas

Let Q be a bounded open subset of RY (N > 2) with a Lipschitz boundary de-
noted by dQ. For T >0, we denote by Qr the cylinder Q x (0,7) and by X7 the
lateral surface dQ x (0,T).

We assume that the vector p = (po,p1,...,pn) satisfies 1 < p; < oo for i =
0,1,...,N, and

po = max{p;, i=1,2,...,N}. (3.1)

We consider a Leray-Lions operator A acted from L7 (O,T;WO1 P (Q)) into its dual
L (0,T;W~'7'(Q)) defined by

Au= —

N .
D'a;(x,t,u,Vu),

i=1

where a;(x,t,s,&) are Carathéodory functions (measurable with respect to (x,z) in
Qr for any (s,&) in R x RY, and continuous with respect to (s,&) in R x RV for
almost every (x,7) in Qr) satisfying the following conditions

jaile.,5, &) < B(Ki(x,0) + s+ (&7, (3.2)
ai(x,1,5,8)& > | &, (3.3)

forany & = (&y,....Ey) and &' = (&,...,E}), we have
(ai(et,5,8) —ai(x,1,5,8"))(& = &) >0 for & #E], (3.4)

forae. (x,) € Qr, andall (5,) € R x RN, where K;(x,t) is a nonnegative function
lying in L(Qr) and a,B > 0.
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The nonlinear term g is a Carathéodory function which satisfies
8(x.1,5)| < b(x,1) +yls07, (3.5)

g(x,1,5)s >0, (3.6)

fora.e. (x,¢) € Qr and any s € R, the function b:Q x (0,T) — R* with b€
LP0(Qr), and 7> 0.
We consider the quasilinear anisotropic parabolic problem

N
u,— » D'a(x,t,u,Vu)+g(x,t,u)=f in Qr,

=1 (3.7)
u=0 on Xr,
u(x,0) = ug in Q,

with f € L'(Qr) and up € L'(Q).

REMARK 3.1. The assumption (3.1) is essential to ensure that a;(x,z,u, Vu) be-
N
longs to LPi(Qr). In the case of Au= — Y D'a;(x,t,Vu), the existence of an entropy
i=1
solution is guaranteed, without using this assumption.

LEMMA 3.1. (see [24], Theorem 13.47) Let (uy), be a sequence in L'(Q) and
u € LY(Q) such that

(1) u, —u ae. in Q,

(i) u,=>20and u>0 a.e. in Q,

(i) / 1, dx — / wdsx,
Q Q

then u, — u in L'(Q).

LEMMA 3.2. Assuming that (3.2)—(3.4) hold. Let (u,), be a sequence in
Lﬁ(O,T;WOI’p(Q)) such that ((u,),), is boundedin LY (0,T;W =17 (Q)), with u, —u
in LP(0,T;W,"(Q)) and

N
2/ (a,-(x,t,u,,,Vun)—ai(x,t,un,Vu))(Diun—Diu)dxdt

or (3.8)
+/ <‘un|p0_2un - ‘I/l|p0_21/l> (I/ln — M) dxdt — 07
or

then u, — u in Lﬁ(O,T;WOI’ﬁ(Q)) for a subsequence.
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Proof. Let

£ IM=

Di(x,1) =Y (ai(x,t,un, Vin) — ai(x,t,un, Vu)) (D'u, — D'u)

1

+ (PO 2y — [P0~ 200 (w4 — w).

Thanks to (3.4), we have D,(x,#) is a positive function, and in view of (3.8), we get
D, — 0 in L'(Qr) as n— oo.

We also have u, — u in LP(0, T;WO1 P (Q)), and in view of the compact embed-
ding (2.8), we get u, — u stronglyin L'(Qr). It follows that u, — u a.ein Qr, and
since D, — 0 a.ein Qr, there exists a subset B in Qr with measure zero such that
V(x,t) € Or\B |un(x,1)| < oo, |Dluy(x,1)| < oo, |K(x,t)| < oo, u, — u and D, — 0
a.e. in Qr. Then we have

N
Dy(x,t) =Y (ai(x,t,un, Vitn) — ai(x,t,un, Vut)) (D'u,, — D'u)

i=1
(Iunl“’o_2 —\ulpo_z ) (1t — 1)

aE\D’unV’f +a2 D[P+ 14| PO 4 1]

i= i=1

-B

Mz”

(Kiot) + P!+ | Dy P D

—

i=

~B Y (Ki(x 1) + [ualP ="+ D ul P 1) Dt | — [P0 ua] — ]P0 14|

o=

i=1

N N
> @ D" = Cop 3, (14D 4 D).
i=0 i=0

where o = min(1, ¢) and Cy, is a constant depending on (x,7), without dependence
on n, (since uy,(x,t) — u(x,r) then (u,), is bounded). Hence we obtain

S (T - R 2 |
|Diuy|Pi [Diun|  |Diuy|Pi=!

By a standard argument, the sequence (Duy), is bounded almost everywhere in Qr.
Indeed, if |D'u,| — o in a measurable subset E € Q7 then

. ; Cu Cu
lim | D, (x)dxdt > hm 2/ |D'un P (o |D‘ |p, D] ‘Diun‘pi_l)dxdt:w,

n—oo QT

which is absurd since D, — 0 in L'(Qr) . Let now & be an accumulation point
of (D'uy),, we have |E'| < e and by the continuity of the Carathéodory function
a(x,t,-,-), we obtain

<ai(x7t,u,§*) - ai(x,t7u7Vu)> (EF —D'u) = 0.
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Thanks to (3.4), we have & = D'u, and the uniqueness of the accumulation point
implies that D'u,(x,t) — D'u(x,t) a.cin Qr fori=0,1,---,N.
Since (a;i(x,1,un, Vitn))n is boundedin L (Qr) and a;(x,t,un, Vity) — ai(x,t,u, Vi)
a.e in Q7, we can establish that
ai(x,t,un, Vi) — ai(x,t,u,Vu) in L”§(QT).
Using (3.8) and Lemma 3.1, we deduce that
jun” — Ju|”in LY(Qr), (3.9)

and _ ‘

ai(x,t,un, Vuy)D'uy — ai(x,t,u,Vu)D'u  in LI(QT). (3.10)

According to the condition (3.3), we have
a|D'up|Pt < ai(x,t,u,,Vuuy)D'u, for i=1,...,N.

Let . ;
yi— a,-(xJ,u,,;CVu,,)D‘un and V= a,-(xJ,u(;Vu)D‘u'

In view of Fatou’s Lemma, we get

. o 1 . .
2y'dxdt <liminf [ (v, +)' — |D'uy, — D'u|P?) dx dt.

Or n—ee JOr 2ri-1

Then 0 < —limsup | |D'u, —D'u|P dxdt, and since

n—oo or

0 <liminf [ |[D'u, — D'ulPidxdt <limsup | |D'u, —D'u|P dxdt <0.

n—ee JOr n—eo  JOT

It follows that / \D'u, — D'u|P" dxdt — 0 as n — . Hence we get
or

D'u, — D'u in LP(Qr) for i=1,...,N.
Finally, thanks to (3.9), we deduce that
Uy —u in  LP(0,T;WyP(Q)).

This completes the proof. [

4. Main result

We set

r r2 1
r)=[ Ti(s)ds=1{ 2
#lr) /0 Hs) {k|r|—§ it |r> k.
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DEFINITION 4.1. Let feL'(Qr) and up € L'(Q). A measurable function u is
an entropy solution of the anisotropic parabolic problem (3.7), if Ty (u)€LP(0,T; WO1 7(Q))
for all k>0, and
dy

/(pk(u— T)dx— /qok u—y)(0)dx+ | —=—Ti(u—y)dxdt
or dt

—|—2/ ai(x,t,u, Vu)D'Ty(u — w) dxdt+ | g(x,t,u)Ti(u—y)dxdr (4.1)
Or

\/ FT(u— ) dxd,
or

- 5 d o p

forany y e LP(0,T;W, 7 (Q))NL=(Qr) with 5—2’ €LV (0,T;w "7 (Q))+ L' (0r).
THEOREM 4.1. Let f € L' (Qr) and uy € L' (Q). Assuming that the assumptions

(3.1)=(3.6) hold true. Then the quasilinear anisotropic parabolic problem (3.7) has

at least one entropy solution.

Proof.

Step 1: Approximate problem. Let (f,), beasequencein L” (0,T;W "7 (Q))N
LY(Qr) suchthat f, — f in L'(Qr), with |f,| <|f| (for example f, = T,(f)), and
let (uo,) be a sequence in Cg () such that ug, — uo in L'(Q) and |ug | < |uo).

We consider the approximate problem

a&utn +gn(xat7un)+%‘un|p072un:fn in Qx (OvT)7
wex,t) =0 on 9Qx (0,T), 42)
u(x,0) = up in Q,
with Au = — iDiai(x t,T,(u),Vu) and g,(x,t,s) = M Note that
i=1 v , v 1+%‘g(x’t7s)|
gn(x,t,8)s >0, lgn(x,2,8)| < |g(x,t,s)] and |g.(x,z,8)| <n VneN*.

We define the operator G, :Lﬁ(O,T;WOl’ﬁ(Q)) — LI;/(O,T;W’I”I;’(Q)) by

T
/ (Gpu,v)dt =
0 Or

Thanks to (3.2), (3.5) and Hélder inequality, we have for all u, v € LP(0, T;Wol’ﬁ(Q))

T
‘/ (Ayu,v) dt
0

1 . -
g,,(xJ,u)vdxdt—f——/ |u[PO2uvdxdr VVGLP(QT;WOLP(Q)).
nJor

N
_ 2/ i (x,1, Ty (), Via) | | D] dx dr
i=1/0r
N . .
<3 [ Bten) + 101+ DD ds

N
i—1 12 i i
<B XKD, +IT GO ) + 1D by IO
=1
(4.3)
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and

T
/ (Guu,v)dt
0

1
< [ leatwtou)l bl drde+ [ Julrt vl axar
QT n QT
1 -1
<</ (<_+1>‘u|p0 +b(xat)>|V|dxd[ (4.4)
QT n

<(( Dl + 16D g0 ) P llmgry O

LEMMA 4.1. The operator B,=A,+G, is pseudo-monotone from Lﬁ(O, T;WOI"B(Q))

into LI;’(07 3w (Q)). Moreover, B, is coercive in the following sense

J (B, v) dr

as |l
Il

1.p —> 00,
LF(0,T;W, 7 (Q)) LPO.TWo T (62)

Proof. In view of the inequality (4.3) and (4.4), the operator B, is bounded.
For the coercivity, thanks to (3.3) and (3.6), we have for all u € L7(0, T;Wol’p(Q))

/ (Byu,u)dt = 2/ ai(x,t, T, (u)Vu)D'udxdt + | g(x,t,u)udxdt
0 or

1
+- |u|P0 dx dt
nJor

N
: 1
> Ocz |D’u|p"dxdt+— |u|P0 dx dt
n.Jor

1 P
O‘Z HDluHLm (0r) 1)+;(||“||Zpo(gr)—1)

o 1
ovlE s —aN =
LF(0,T;W) 7 (Q)) n
.., min(a, )
with o — . It follows that
(N+1)2
T
Bu,u) dt
M_ﬂm as  ||ul oo,

[ — vornte)

It remain to show that B, is pseudo-monotone. Let (u;); be a sequencein L7 (0, T;WO1 P (Q))
such that . .
- in LP(0,T;W, 7(Q)),

wp—xu  in L7 (0,T;W-17(Q)), .5)
T

T
limsup A (Bpug,ug) dt < / (Xn,u) dt

koo
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We prove that
T T
Xn=Byu and / (B,,uk7uk>dt—>/ (Yn,uydt as k — —+oo.
0 0

First, we have u; — u in LP (O,T;Wol’ﬁ (Q)) and in view of the compact embedding
(2.8), we obtain u, — u stronglyin L'(Qr), and a.e. in Qr.

We have (u;); is a bounded sequence in L? (07T;W01 P (Q)). Using the growth
condition (3.3), the Carathéodory function (a;(x,z, T, (1z), Vi) )i is boundedin L7 (Qr).
Therefore there exists a function ¢; € LP(Qr) such that

ai(x,t, T (), Vug) = @ in LPi(Qr) for i=1,...,N. (4.6)

Further, we have g,(x,7,ux) — gu(x,7,u) a.e. in Qr and g,(x,t,ux) <né€ LP6(QT).
Hence, in view of Lebesgue’s dominated convergence theorem, we deduce that

gn(x,tu) — ga(x,t,u)  in LPO(Qr). 4.7)

We also have | |
“Jug [P = ~[u[P 2 in o LP(Qr). (4.8)
n n

Thus, for any v € LP(0, T;Wol’ﬁ(Q)), we get

T T
/ Govydi = lim [ (g, v) di
0 k—0 J0

N
= lim <Z/ a,-(x7t,Tn(uk),Vuk)Divdxdt—l—/ gnl(x,t,ug)vdxdt
i=170r or

k—oco

1
+—/ |uk\p°_2ukvdxdt>
n.Jor

N
) 1
= Z (p,-D‘vdxdt—I—/ gn(x,t7u)vdxdt+—/ |u|P0~2uy dxdt.
i—1/0r or n.Jor

4.9)
Having in mind (4.5) and (4.9), we obtain
N .
limsup(B, (ux),u;) = limsup <Z/ ai(x,t, Ty (uy), Vg ) D' uy dx dt
k—so0 k—so0 i=1790r
1
+/ gn(x,t,uk)ukdxdt—i-—/ |uk\1’°dxdt>
Or n.Jor
N ) 1
<Y (p,-D’udxdt—i—/ g,,(x,t,u)udxdt+—/ |u|Po dxdt.
i—170r or n.Jor
(4.10)
Thanks to (4.7), we have
gn(x, 1w )ug dxdt — gn(x,t,u)udxdr. (4.11)

or Or
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Therefore
N ) 1
limsup{Z/ ai(x7t,Tn(uk),Vuk)D’ukdxdt—I——/ Mk|p°dxdt}
k—soo i—1/0r n.Jor 412
N _ ! 4.12)
< 2 (p,-D’udxdt—!——/ |u|Podxdr.
i=17/0r nJor
On the other hand, using (3.4), we have
N
3 / (i, T (), Vitg) — ai(x , T (ug), Vid) ) (Dittg — D) dx e
= Jor (4.13)

1
+—/ (Jug | P00y — 1P~ %u) (ug — u) dxdt > 0.
n.Jor

Then

N
/al(xJ,T(uk) Vi) D'y dxdt + ~ / |ug| PO dx dt
17/ 0r

N
Z/ ai(x,t, T, (uy),Vu)(D g — D' u)dxdt—i—Z/ ai(x,t, T, (ug), Vuk)D udxdt
+—/ )P0 ue (g — ue) dxdt+—/ g |PO g dx dt.

nJor nJor

Now, we have T, (u) — T, («) in LPi(Qr), then a;(x,t, T, (uy),Vu) — a;i(x,t,T,(u), Vu)
in L7/(Qr). Thanks to (4.6) and (4.8), we obtain

liminf{Z/ ai(x,t, T, (ug) Vuk)Dukdxdt—i— / MkIPdedt}

k—o0

2; o @D udxdt+ =~ / |u|P0 dx dt,

which implies, thanks to (4.12), that

N
; 1
lim{Z/ a,-(x,t,Tn(uk),Vuk)Dlukdxdt+—/ |ukp°dxdt}
i—170r n.Jor

koo

v 1 (4.14)
=Y (piDiudxdt—i——/ |u|Po dxds.
i—170r nJor

By combining (4.9), (4.11) and (4.14), we deduce that

T T
/ (Bnuk,uk>dt—>/ (Yn,uydt as k— oo,
0 0

and in view of (4.14), we obtain
N
3 / (@i, To(ug), Vitg) — ai(x, 1, Ty (ug), Vit)) (D't — D) dx
i=170r

1
+—/ (o PO~ 2ug — ue|P0~20) (u. — u) dxdt — 0 as k — oo
nJor
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Hence, thanks to Lemma 3.2, we get
w—u in LP(0,T;W,7(Qr)).

Thus, Diuy — D'u a.e. in Qr. Itfollows that a;(x,t, T, (ux), Vug) — a;(x,t, T, (u), Vi)
a.e.in Qr, andin view of (3.2), we get

ai(x,t, Ty (), Vp) = ai(x,t, Ty(u),Vu) in LP(Qr) for i=1,...,N.

Having in mind (4.7) and (4.8), we deduce that ), = B,u, which completes the
proof of Lemma 4.1.
Consequently, in view of Lemma 4.1, there exists at least one weak solution u, €

Lﬁ(O,T;WOI’ﬁ(Q)) of problem (4.2) (cf. [28], Theorem 2.7, page 180).

Step 2: A priori estimates. Taking Tj(uy) as a test function in (4.2), we obtain

/0 <a;;n Tie(un) >dt+2/ ai(x,t, Ty (un), Ve, D' Ty () dx dt

—|—/ &n x7t,u,,)Tk(un)dxdt+—/ |un |PO unTk(un)dxdt:/ T (up) dxdr.
Or n.Jor Or

(4.15)
Since |@i(r)| < k|r|, then

T
/<88”” un dt // (it dtdx—// I ”")dzd

=/ (Pk(un(T))dx—/Q(Pk(un(O))dx (4.16)

/ x(1n(T)) dx — K[| g

In view of (3.6), the third and fourth terms on the right-hand side of (4.16) are posi-
tives, and thanks to (3.3), we get

/(pkun dx+az/ DTy ()P dxdt < k(o1 oy + I fllr gy ) (417)

On the other hand, we have

N N
2/ \D’Tk(un)|1’fdxdt22/ DTy ()2 — 1 dcdt
i=170r i=170r

N
=3 HD’Tk(un)Hfﬁ(QT) ~ N meas(Qr)

VT () |15, — N -meas(Qr).

Np 1 Lﬁ
Since @ (un(T)) = 0, then there exists a constant C; that does not depend on n and

k, such that

IVitn| (o) < CikE for k> 1. (4.18)
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Therefore, for any k > 1, we have

k meas{ [u,| > k} :/ \Tk(un)\dxdzg/ \Te(un)| dxdt
{unl >k} or

<y g 1T lizioy)

g C2||VTk(u")||Lg'(QT)

1
< C3kﬁa

which implies that

1
meas{|us| >k} <CG3—— —0 as k— +eo. (4.19)
k' e

We have for any § >0
meas{ i, — | > 6} < meas{[u,| >k} + meas{|u,| >k}
+meas{|Tx(un) — Ti(um)| > 8}. (4.20)

Using (4.19), we get that for all € > 0, there exists ky > 0 such that

meas{ |u,| >k} < and meas{ |uy| > k} < Vk > ko(g). (4.21)

€
3

W[ Mm

On the other hand, thanks to (4.17), we have (Tj(u,)), is boundedin L (0, T;WOI"‘B(Q)).
Then there exists a subsequence still denoted by (7;(u,)), and a measurable function

Nk € Lﬁ(O,T;WOI’ﬁ(Q)) such that
To(a) =M in LP(0,T;WyP(Q)) as  n— oo,
Now the compact embedding (2.8) gives
Ti(u,) — m in  L'(Qr) andaein OQr.

Thus, we can assume that (T;(u,)), is a Cauchy sequence in measure in Qr, then for
all k>0 and &, € >0, there exists ng = ng(k,0,€) such that

meas{|Ti (it,) — Ti(ttn)| > 8} < g Vi,m > no. (4.22)

By combining (4.20)—(4.22), we deduce that for all &, § > 0, there exists ng =
no(0,€) such that

meas{|u, —um| >0} <€ Vn,m = ny. (4.23)

If follows that (u,), is a Cauchy sequence in measure. Hence, there exists a subse-
quence still denoted by (u,),, such that

U, —u aein Qr.
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‘We deduce that
Ti () — Ti (1) in  LP(0,T;W,7(Q)), (4.24)

and in view of Lebesgue’s dominated convergence theorem, we get

Telun) — T(u)  in  LP(Qr). (4.25)

1
Step 3: The equi-integrability of the sequences (gn(x,t,up))n and (— |un ‘17072,/!") .
n n
In this step, we show that

1
gn(x,t,uy) — g(x,t,u) and  —|u,|PO"%u, — 0 stronglyin L'(Qr).
n
Indeed, we have g, (x,7,u,) — g(x,7,u) and 1|u,|P0~%u, — 0 a.e. Q7. By using Vitali’s
theorem, it suffices to prove that (g,(x,u,,Vu,)), and (%\un|l’0’2un)n are uniformly

equi-integrable in Q7.
Taking Ty, 1(un) — Ty(upn) as a test function in (4.2), we obtain

duy,
(e s )~ Ty
+Z/ ai(x,t, Ty (un), Vity) - (D' Ty i1 () — DT (u,)) dx dt
+/Q (st 10) (Tis 1 (1) — Ti(tn)) dixd
T
"’1/ ‘un‘poiun(]ﬂhﬂ(un) — T (uy)) dxdt
nJor
= | fur (The1(un) — T (un)) dxdt.
or

On the one hand, we have

T
/ <88”t" T () — Tioan) ) it = // 8"”’“ “n) 4t dx —// 8"”1 W) 4y iy
0

—/ Oni1(n(T)) — Qny1(uto,n) dx

/(Ph un(T)) — @n(uo,) dx.

Since

u (T)
2(T))d / 2(T))d —/ -~ — hlu, +—=)d
/Q(phﬂ(u ol * {hg\un(r)\<h+1}< 2 un(T)] ) *
(

1
+/ W(T) —h—=)dx>0,
{h+1<]un(T)[} <Iu ) 2> )
(4.26)
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then thanks to (3.3) and (3.6), we deduce that

N T _ T
aZ// |D’un|pidxdt+// |gn (2, un)| dxdt
2170 J{h<|up|<h+1} 0 J{n+1<un|}
T
+l/ / | [P0~ dx dt
nJo Jiht1<iu)}
N T _
< i(x,1, T, (uy),Vuy,) - D'uy, dx dt
Z{/o /{hg\un\<h+1}al( (ttn), Vitn) - D't
T
+// (st 160) (T 1 (100) — Th(1tn))
0 {hglunl}
1 T
4= / / P10 (T 1 (1) — Ty () et
nJo Jin<imly
< /Q o (Tt ) = ) vt + | gua(0,) dx— [ (o) v
T

The terms on the right-hand side of the inequality above can be interpreted as follows

’/ fn-(Th+1(un)—Th(u,,))dxdt’</ fldxdi — 0 as h— oo,
or {21}

and since uy € L'(Q), then
[ oo = [ ontuo,)dx
Q Q

2 2
n h 1
- (M — hlug, +—) dx+/ (\uo’n| —h——) dx
{h<lug<ht1} N\ 2 2 {h+1<]ug |} 2

1 1
g/ —dx+/ (\u0|—h——>dx—>o as h— oo,
{h<ug | <h+1} 2 {h 1< ug ol } 2

Therefore, we conclude that

N T .
2/ / a;i(x,t, T, (u),Vity) - D'upydxdt — 0 as  h— oo, (4.27)
i=170  J{h< un|<h+1}

T
// |gn(x,t,up)|dxdt — 0 as  h— oo, (4.28)
0 J{h+1<|u,|}

and
1 T
—/ / PO dxdi — 0 as  h—s oo, (4.29)
nJo J{h+1<|uy|}

Moreover, thanks to (4.28)—(4.29), we have V1 > 0, 3h(n) > 0 such that

T 1 T
/ / \gn(x,t,un)ldxdz+—/ / | [P0 dxdr < T 430
0 J{h(n)<unl} nJo J{hmn)<u|} 2
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On the other hand, for any measurable subset £ C Qr, we have
1
/ lgn(x,7,uy)| dxdt + — / |t [P~ dx dt
E nJE
1 _
< [ Jgulort Tl v+ [ [Ty () 0 (431)

1
+/ |gn (X, 1, un )| dxdt + ~ |un| PO~ dix dt,
{h(n)<un]} 1 J{h(n)<unl}

and there exists A (1) >0 such that

1 -1 n
[ NenCt Tigmy ()l et 4 [ [Ty ) " e < 7

for meas(E) < A(7n).

(4.32)
Finally, by combining (4.30), (4.31) and (4.32), we obtain

1
/\gn(x,t,un)|dxdt+ﬁ/ a0 dxdr <7, with meas(E) < A(1).  (4.33)
E E

Thus (g.(x,t,u,)), and (|u,|Po~1), are uniformly equi-integrable, and in view of
Vitali’s Theorem we deduce that

1
gn(x,t,uy) — g(x,t,u)  and  =|u,/Po' —0  in LY(Qr). (4.34)
n

Step 4: The weak convergence of (Sp(uy)); in L’ (O,T;W_“;,(Q)) +LY(0r).
Let Sj,(-) be an increasing function C?(R), such that Sj,(r) =r for |r| <h and
supp(S},) C [-h—1,h+1], then supp(S}) C [~h—1,—h]U[h,h+1].

Let ve Lﬁ(O,T;WOl’p(Q)) NL*(Qr). By taking S} (u,)v as a test function in
(4.2), we get

T/ Ju, N . .
/ <—,S;,(un)v> dt + Z/ a;(x,t, T, (un), Vun ) (S}, (ttn)D'v + S}, (u )vD'uy,) dx dt
o \ Ot oy

1
—|—/ g,,(x,t,un)S;l(u,,)vdxdt—F—/ |t [P 210, S}y (v dxdt = | f,Sh () vdxdt.
Or n.Jor Or

Then

ot

T (9Sh(un) N , . ” )
/ < ,v>dt <2/ |ai(x,t, Ty (tn), Vitn)| |S),(n)D'v 4 S, (10 )vD'uy, | dix dt
0 i=170r
4 [ lgnlot )| 15 (] v
Or
1
+—/ |4 [P 1| S), (1t ) V| dix dlt
n.Jor

+/Q ol ISL ()| dixct.
! (4.35)
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For the first term on the right-hand side of (4.35), we have
/ @it T (1), Vi) | [S! (1) D'y + S! (10D 4| dx i
/ / B(Ki(x.1) + | T (1) [Pt + | Dy |71
|u,,|<h+1}
X (18}, (un)[[D'] + IS (n) [[V|D'un]) dx dt

<2B <||Ki(x»l)||Lp;(QT) 1 Tioa () 1707 QT ) HIID Th+1(”n)HLm )
X (ISK =@ 1PV | 7i (o) + ISh Ol =@y 1V | L= (0 1D Tt 1 () i 01))

< C4(|| HLP OTWI I’ Q) + ||VHL°°(QT))

(4.36)
Concerning the last three terms on the right-hand side of (4.35), we get
/ lgn(x,t,un)| S}, (un)v| dx dt
or
1
+—/ |, [P0~ |S2(u,,)v|dxdt+/ | f] S, ()| dx dt
n.Jor Or
1
< b(x,t)+ (y+ —)|un p01> S (up)v dxdt+/ 1) () v| dx dt
f, (b o) syl dar e [ 1] ISytuvlavar
1
<2 (186 g, + 210 By ) 10l v
+I1A Nz o) 'HSh(')”L""(]R) Avllz=or)
<C5(|| HLp OTWlp ))+||VHLm(QT))
Using (4.35)—(4.37), we obtain
r IS (un)
/(; <T >dt <C6(|| HLP OTWII’ ))+||VHLN(QT)) (438)

for v e LP(0,T; WO1 P(Q))NL=(Qr), with Cg is a constant that does not depend on 7.

Hence ( a(t )> is bounded in L7 (0,T; W17 (Q)) +L'(Qr) and

Sy (uy) R Sy (u)
ot ot

27(0,7:w (@) + L'(0r). (439)

Step 5: Convergence of the gradient. Let k< h and n large enough. By taking
S}, () (Ti(un) — Ti(u)) as a test functionin (4.2), we obtain

It Iont Iont Iun= Fun: (4.40)
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where

= [ 2D 1)~ i) v

Fon = Z/ Sh(un)ai(x,t, T (un), Vity) (D' Tie(un) — D'Tie()) dx it
nh - 21/ Tk l/tn) Tk( ))Sh(un)at(x7t,T (Mn) Vun)D u, dxdt

/n,h = /QT 8n xataun)Sh(un)(Tk(un) — Tk(u))dxdt

4.41)

+1 / | PO 2008 (10) (Ti (1) — Ti (1)) vl

5= ) (i) ~ i)

a5, n a5, . = =
The first term. In view of (4.39), we have g(tu ) g;(u) in LP (0, T;W~1P'(Q))
+L'(Qr), then
as as
hmmf/ = hglgf o #Tk(un)dxdt—}ilg o %Tk(u) dxdt

= limin | %Tk(sh(un))dxdz— /Q ! 35;5“) To(Sy(u)) dxdt
ﬁmmfwmwwm—WMme
~ [ @u(Sh@(T)) ~ gu(Si(uo)) dx

ﬁmygwwwwmw—éwmwnmm
(4.42)
Now, we show that the right-hand side of (4.42) is positive. By using S} (u,)Ti(u,) as
a test function in (4.2), we get

T
/ <3Sh(”n)7Tk(un)>dt+/ SZ(u,,)Tk(un)a(x,t,Tn(un),Vun).Vu,,dxdt
0 ot or
+ S;,(u,,) a(x,t, Ty (un), Vuy) - VT (uy) dx dt
Or (4.43)
+ / n 6,310 S} (1) T (1) dx i + / ] P 210, (1) T 10 i
or or

= fnS;,(Mn)H(un)dxdt.
Or
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Since S}, (un) >0, then the last three terms on the left-hand side of (4.43) are nonneg-
ative. Thus

/Q k(S (1a(T))) dx — /Q k(S (tt0.0)) dx

<K[IS, (= w la(x,t, Ty 1 (un), Vi1 (n))| [VTiy 1 (un)| dxdt

)/{hg\un\<h+1}
A SH() =) 1 £ 111

< kC7a

with C7 is a constant that does not depend on n. Then

/ Ok Sh I/tn dx<kC7+/ O Sh uo))d

Now, we have @ (S, (un(T))) =0 and @ (Sy(u,(T))) — @k (Sp(u(T))) a.e. in Q, and
thanks to Fatou’s lemma, we obtain

/ Oc(Sp((T)))dx < hmlnf/ Ok (Sn(un(T))) dx.

Hence, thanks to (4.42), we deduce that
timinf 7!, —hmmf/ O (S (un(T )))dx—/ Ou(SH(W(T))dx 0.  (4.44)
Q

The second term. We have S} (s) >0 and S)(s) =1 for |s| <k, with supp(S}) C
[-h—1,h+1], then

nh _lzi/ /{\Mn\<k} (x7taTk(un) VTk(Mn))(D Tk(un) D! Tk( ))dxdt

—2 / / S ()i (06,7, T (1), VT (t0) ) DV Ti (1) e
-1 {k<|un|<h+1}

=
[

= 1:21/QT (ai(x,f,Tk(un),VTk(un)) —a,-(x,t,Tk(un),VTk(u))>
x (D' Ty () — D' Ty (u)) dx dt

+Z/ ai(x, 1, T (), VTr (1)) (D' Ty () — DT (w)) dx it
+i21/{\uﬂ|>k} ai (5,1, Ti(utn), VT (1)) D' Ti 1) e

N
=2 85Ol (w)
i=1

|a; (x, 2, T 1 (), Va1 (un))] |DiTk(u)| dxdt.
(4.45)

/{k<|un|<h+1}
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In view of Lebesgue’s dominated convergence theorem, we have T (u,) — Ti(u) in
LPZ(QT) ThllS‘, ai(xat7Tk(un)7VTk(u)) - ai(x7taTk(u)7VTk(u)) in LP:(QT) and since
D’Tk(un) 4DlTk(l,t) in Lpi(QT), then

/ it T (1), VI (1)) (DT (1) — DTy () dxdi — O as n—s oo, (4.46)
or

Using (3.3) and the continuity of the Carathéodory function, we have a;(x,7,s,0) = 0.
Hence

/ i1, T ), VT (1)) D T () dix it = / i1, T (1), 0)D Ta (u) dx it
a4} a4}
—0. (4.47)

For the last term of the right-hand side of (4.45), we have (a;(x,¢, Tp+1(ttn), Vi1 (1)) )n
is bounded in L”i(Qr), then there exists & € LPi(Qr) such that a;i(x,t, Ty 1 (i),
Vi1 (un)) — & in LPi(Qr). Tt follows that

/ 6,8, Ty 1 (1), VT 1 (1)) | |D Ty ()| it
{k<|up|<h+1}

—>/ & |D'Ti(u)| dxdt = 0. (4.48)
{k<|u|<h+1}

By combining (4.46)—(4.48), we deduce that

N
32 X [ (@t T, V() e T Vi)
i=17/0r
X (D'Ty(u,) — D'Ty (u))dxdt + &(n). (4.49)

The third term. We have supp(S)) C [-h—1,—h]U[h,h+ 1]. Moreover, in view
of Young’s inequality, we get

N T

3 ISY () || // Ty (un) — T, DTy (u

o < Sp Ol (R)i;o {h<\u,1\<h+1}|k(un) k()] [D' Thg1 (un) |
><\a,-(xJ,Th+1(un)7VTh+1(un))|dxdt

N T
< BISY ()]l // Ti(up) — Ty DTy (tn
BlISK ()l (R)Zi A {h<\un\<h+l}| k(tn) = Ti(w)| [ D Ty 1 ()|

X (Ki(x,1) 4 [T 1 (1) [P+ 1D T (1) [P 1) dxe it

Kir)”
<BISTC) Ti(un) — Ty
BISH O lzl/ Sy ) = BGI=0

Tt ()|
SN e // Ti(u,) — T, 7”“ dxdt
+B1ISH ()l (R)g{ A {h<\un\<h+1}| i (un) = Tic(u)| s

i

dxdt

2 N7 .
FORBIS () g (= + 1 // DT, 1 (w7 dxdr.
ISy (DX [ [ D)

1
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Since Ti(uy) — Ti(u) — 0 weak-x in L*(Qr), then

Ki(x,t
/ ) - 1) KW ety 0 s e
{h<|un|<h+1} Pi
and
Tyt (it
/ T3 (1) — ()|Md dt—0  as n— oo
{h<|un|<h+1} Pi

Thanks to (4.27), we have

/ ID'Tj, 1 (un)|Pidxdt — 0 as  h— oo,
{h<|un|<h+1}

Hence, it follows that
/n%h —0 as n and h — oo. (4.50)

The fourth and last terms. We have Ti(u,) — Ti(u) — 0 weak-* in L=(Qr), and
thanks to (4.34), we obtain

|2l < IS0 lr /QIgn(x,t,un)lITk(un)—Tk(u)ldxdt
T

MeIlre
+M/ Ty () [P~ Tt — Te(u)| dxdt — 0 as n—s oo,
Or

n
4.51)
Also, we have f, — f in L'(Qr), then

I < ”S;l(')HLN(R)/Q \ful 1T (un) — Ti(u)|dxdt — 0 as n—0. (4.52)
T
Combining (4.40), (4.44) and (4.49)-(4.52), we deduce that
N
Z/Q (a6 i), Vi) — a1, T ), VT 1))
i=1 T

X (D'Ty(un) — DTy (u)) dxdt < &5(n,h).

By letting n and £ tend to infinity, we conclude that

n—o0

N
lim (;/QT (a,-(x,t,Tk(u,,),VTk(un)) —a,-(x,t,Tk(un),VTk(u))>
X (D'Ti () — DTy (1)) dx dt (4.53)

+ /QT(|7}<(”n)|p072Tk(”n) - |7}<(”)|p072Tk(u))(Tk(un) —Ti(u)) dxdt) =
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Now, in view of Lemma 3.2, then
Te(wy) — Ti(w) in LP(0,T;W,P(Q))  Vk>0. (4.54)
Therefore Vu,, — Vu a.ein Qr.

Step 6: The convergence of u, in C([0,T];L'(Q)). Let u, (resp. u,) be the
weak solution of the approximate problem (4.2) for the integer n (resp. m). For
0<s<T, taking T (un — um) - X[, @s a test function allows us to obtain

// Opi(tn —tm) 40 g
o Jo dt

N s )

+Z/ / (ai(xJ,T,,(un),Vun)—ai(x7t,Tm(um)7Vum)>D’T1(un—um)dxdt
=170 JQ

+/ / <gn(xat7un)_gin(xat7uzn)>Tl(un_um)dth
0 JQ

S 1 1
2w, |PO 2y, — |y, [PO2 B
+/0 /Q<n|un‘ Un m‘um| Mm>T1(un um)dth
s
:/ /(fn_fm)'Tl(un—um)dxdt.
0 JQ

On one hand, we have
// 91 (tn — 1) ”" tm) dtdx:/Q(pl(u,,(s)—um(s))—(pl(un(O)—um(O))dx

= /Q 1 (un(8) — um(s)) dx — /Q @1 (1o n — o ;) dx.

(4.55)

In what concern the second term on the left-hand side of (4.55), since VT (1, — upm) =
(Vi — Vi) - X{jup—un|<1} » We deduce that (see Appendix)

| ot ). Vi) =528, T ). Vi) DTy (= ) it — 0 a5 m,m— e,
0 JQ

(4.56)
and thanks to (4.34), we have

' /OS /Q (gn(x,7, 1) — (6,21t ) ) T (s — ) dxdt‘

</ |g,,x7t,u,,) gm(x,t7um)}dxdt—>0 as  n,m— oo,

’/ / — |t P2, ——|um\Po um>T1( )dxdt’

1
S/Q |;\un\p°_2un—%|um\p°_2um’dxdt—>O as  n,m— oo,
T

’/()S/Q(fn—fm)-Tl(un—um)dxdt‘ </QT }fn—fm}dxdt—>0 as  n,m— oo,
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Since @ (uo, — tom) — 0 in L'(Q), then we conclude that
/Q 1 (un(s) —um(s))dx — 0 as  n,m — oo, (4.57)
On the other hand, we have
/{\un—um|<1} |t (8) — 1t () |* dx + 1) |tn () — um(s)| dx

<2 / 01 (tn(5) — t(s)) dx, (4.58)
Q
and

m@waw—mawa=AmfwKumaw—ummwu+ 102(5) = tn(5)] dx

{|up—1m|>1}

1
< / uns—umszdxz-measﬂ%
<wﬂmd() ()P x)” - (meas(2))
—|—/ U (s) — uy(s)| dx.
{‘urum|>l}\ (5) = tm(s)]

In view of (4.57)—(4.59), we deduce that

(4.59)

/|un(s)—um(s)|dx—>0 as  m,n — oo, (4.60)
Q

Hence, u, is a Cauchy sequence in C([0,T];L'(Q)), thus u € C([0,T);L(Q)) and
forany 0 <s<T wehave u,(s) — u(s) in L'(Q).

Step 7: Passage to the limit. Let y € LP(0,T;W, ’p( ))NL=(Qr), By taking
Ti(u, — w) € LP(0, T;Wol’p(Q)) as a test function in (4.2), we obtain

T/ du, N i
/O <77Tk(un—l[/)>dt—l—i:zI/QTai(x,t,Y}q(u,,),Vun)D Ti(itn — yr) dx dt
1
+/ gn(x,t,un)Tk(un—l//)dxdt—!——/ |14 |PO 21, Ty (ty — ) dxdr - (4.61)
Or n.Jor
:/ FuTi(un — W) dxdt.
Or

d d(up — d
For the first term on the left-hand side of (4.61), we have ;t" = w + 8_1;/
then

/()T<%7Tl<(un—l!/)>dt :/()T<W,Tk(un—‘l/)>df
+/()T<%—T,Tk(un—l!/)>dt
— [ oxtm =)= [ ot

—|—/ a—WTk(un—l//)dxdt.
or dt
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Since u, — u in C([0,T];L'(Q)), then u,(T) — u(T) in L'(). It follows that
/q’k dx—>/gq0k(uo—l//(0))dx and
Lot —w)ydx— [ oulu—y)(T)ax (4.62)

Now, we have %—‘;’ e (0, Wi (Q))+L'(Qr), and since Ti(u, — ) — Ti(u— )
in Lﬁ(07T;W01’ﬁ(Q)) and weak — in L*(Qr), then

dy

[ T u/)dxdt—>/ Y (i~ w)dxdr. (4.63)
T

Concerning the second term on the left-hand side of (4.61), it’s clear that {|u, — | <
k} C{|un| <M =k+ ||y||=}, and since D'Ty(u,) — D' Tyy(u) strongly in LPi(Qr),
then in view of Fatou’s Lemma, we obtain

liminf | a;(x,7, T (1), Ve, ) D' Ty (0, — ) dxdt
n—te Jor

T . .
— liminf / / i, Tog (1), V Tyt (1)) (D Tog (1) — DV ) dxc
{un—i<k)

n——+oo 0

T . .
>/O /{‘u7W|<k}(ai(x,t,TM(u),VTM(u)) — ai(x 1, T (), V) (D T () — D'yr) dic i

T . .
+/ / @i, Ty (1), Vo) (D Tag () — D) dic i
(u-vi<k}

:/ ai(x,1,u, Vu)D'Ty (u — y) dxdt.
Or

(4.64)
Also, since Ty (u, — W) — Tj(u — ) weak—x in L=(Qr), and thanks to (4.34), we
have

1
gn(,t,un) T (uy — ) dx dr + —/ |14, |PO 20, Ty (1t — W) dix dt
nJor

or
H/ (.1, 1) Ty (u— ) dxdt, (4.65)
or
and
/ fnTk(un—l[/)dxdt—>/ ST (u—y)dxds. (4.66)
Or Or
By combining (4.61)—(4.66), we deduce that
dy
/qok(u— T)dx— /qok u—y)0)dx+ | ——Ti(u—y)dxdt
or dt

—l—Z/ ai(x,t,u, Vu)D'Ty (u — w) dxdt + | g(x,t,u)T(u — ) dxdt
Or

<[ I vy)axar,
Or

which concludes our proof. [l
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5. Renormalized solutions

DEFINITION 5.1. Let f € L'(Qr) and ug € L'(2). A measurable function u is
a renormalized solution of the anisotropic parabolic problem (3.7) if T (u) € LP(0,T;

W, 7(Q)) forall k>0,

h—o &

N
ueC([0,T);LH(Q)), lim / a;(x,t,u, Vu)D'udxdt =
{h<]u|<h+1}
and

/ dS( )(Pd d[—}—Z/ a; x7t,u Vu) (S//( )q)D’u—I—S/( )D‘(p)dxdt -

+/ g(x,t,u) S'(u)pdxdr = /fS/ Yo dxdt,

for every function ¢ € L? (O,T;WO1 P (Q))NL=(Qr) and any renormalization S(-) €
C=(R) such that supp S'(-) C [-M,M] for some constant M > 0.

THEOREM 5.1. Let f € LY(Qr) and ug € L'(Q). Under the assumptions (3.1)—
(3.6), the entropy solution of the quasilinear anisotropic parabolic problem (3.7) is
also a renormalized solution.

Proof. We shall prove that every entropy solution u satisfies all the properties of
renormalized solutions.

Indeed, in view of Theorem 4.1, there exists a subsequence (uy), of solutions
for the approximate problems (4.2) such that 7} (u,) strongly converges to Tj(u) in

LP(0,T; W, P(Q)) for any k > 0, and satisfies
1
gn(x,t,uy) — g(x,t,u)  and  —|u, [P0 —0 in LY(Qr).
n

Also, in view of Fatou’s Lemma, we deduce that

N
Z/ ai(x,t,u,Vu)D'udxdt
) (h<|ul<h+1}

N
glimian/ ai(x,t,un, Vi, )D'uydxdt — 0 as  h— oo
{h<|up|<h+1}

n—oo
i=1

Now, we will show the equality (5.1).
Let ¢ € LP(0,T;W, 7(Q))NL=(Qr) and S(-) € C=(R), with supp §'(-) C [~M, M]
for some M > 0. By taking §'(u,)@ a test function in (4.2), we obtain

aun i/ql
/O (S5 (m)e >dz+2/ i, 1, Ty (), Vitn) D (S (1) @) dic it
+/ gnlx,t,un)S (un)(pdxdt+—/ |4 |70 210, S (1) @ dx dit (5.2)
Or n.Jor

= [ fuS(un)@dxdt.
Or
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S (uy) R aS(u)
ot ot

First, in view of (4.39), we have weakly in L (0, T; W17 (Q)) +

L'(Qr), and then

fim |, (G S o) dr=fim [, T5imoari= | =5

(5.3)
Concerning the second term on the left-hand side of (5.2), we have

/ (6,1, To(tn), Vi) - DS () @) dx it
Or

= [ ai(,t,Tys (), VT (1)) - (8" () D' Tog () + S' () D' @) dx it
Or

By (3.2) we have a;(x,t, Ty (n), VT (1)) is boundedin (LP1(Q7))N, and a;(x,t, Ty (un),
VTu(u,)) — ai(x,t, Ty (1), VI (u)) a.e. in Qr, it follows that

@i, Ty (un), Vg (un)) — ai(x,1, Ty (), VT () in LP(Qr),
and since
8" (un) D' Ty (4n) + ' (un) D' — " (u) D' Ty (u) +S'(u)D'e  in LP(Qr),
we conclude that

lim ai(x,t, Tag(un), VT (up)) (S”(u,,)quiTM(un) + S/(u,,)Di(p) dxdt

n—oo QT

= 0 ai(x,t, Ty (u), VTM(u))(S/’(u)(pDiTM(u) + S’(u)Di(p) dxdt (5.4)

= [ ai(x,t,u,Vu)(S" (u)eD'u+S'(u)D'@) dxdt.
Or

Moreover, since S(u,) @ — S(u) @ weak — in L=(Q), then

gn (2, un)S () qodx—f—l/ |uen |20 2u S () @ dx — g(x,t,u)S (u)@dx,
n

or Or
(5.5)
and
/ 18 () @ dx — / 75 (u) @ dx. (5.6)
Q Q
By combining (5.2)—(5.6), we deduce that
T N . X
/ < 95(u) , (p> dt+ Z/ a;(x,t,u,Vu) - (S"(u)D'u+S'(u)D' @) dx dt

0o \ ot (5.7

+/ g(x,t,u)S (u)pdxdt = /fS’ Yodxdt.

Therefore, u is a renormalized solution to problem (3.7). O
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EXEMPLE 5.1. Let us consider the following nonlinear parabolic problem

8 17128 '
wr S (3 3 e ermaxon,
’ ’ ’ 58
u(x,1) =0 on zT:an(OJ),( )
u(x,0)=uo(X) in Q,

where ug € L'(Q), y>0 and f € L'(Qr). Note that the assumptions (3.1)—(3.6)
hold true, then there exists at least one entropy solution. Moreover, this entropy solution
is a renormalized solution with |u[P0~! € L1(Q).

6. Appendix
Let h >0, we set
Enm = {lun —um| <1}, Hy = {[un] <k} O {um| <h}

and
H*n ={|un| > h} O {|um| > h}.

In view of Young’s inequality, we have
’/OS/Q (ai(x,t, Ty(un), Vi) — aj(x,t, Ty (tm), Vi) ) D'Ty (tt — ) dxdt’
= ’ /OS/Q (a,-(x,t, Ty (un), Vuy) — ai(x,t, Tm(um),Vum)) (Diu,, — Dium) “XEpm dxdt’
< /H,;n |a,-(x7t,Th(u,,),VTh(un)) —a,-(x7t,Th(um)7VTh(um))|
DTy () — DTy (1tm)| - x5, dxds
+/ |a, X, 0, T (), Vun) — ai(x,t, Ty (), Vi) |p’ “ XEnn dxdt

+/ Diu, —Dum\p’ XEpndxdt.
. 6.
For the first term on the right-hand side of (6.1), since D'Tj(u,) and D'Tj(um)
converge strongly to D'Tj,(u) in L”(Qr), and
|a,-(x,t7Th(u,,)7VTh(un)) —ai(x7t,Th(um),VTh(um))| is bounded in LPQ(QT),
then
[ 1, T 0), VT 00)) = (2.0, T 1), VT )|
x|D'Tj,(un) — D'Ty ()| - xE, ,, dxdt — 0, (6.2)

as m and n tend to infinity.



440 M. CHRIF, S. EL MANOUNI AND H. HJIAJ
Concerning the two last terms on the right-hand side of (6.1), we have
Hyp 0 Epw © {[utn] > 1} 0 { 1] = 1< Jatm] < Juta] + 13,

and
Ho 0 B © {ltm| > B} 01 {atn] = 1< Jta] < [atn] 41}

Thanks to (3.2) and (4.27), we obtain

P
L. XEnm dxdt

[ 1t Talun) Vi) = et T ) Vi)
H,

m,n

<C1/H+ (2K (6, 1)P2 4 T 10 [P+ Ty () |+ | D't |7+ | Dt - 25, de

Scl/m (2[K (o, ) [P+ [T (1) [P+ | Ton (tm)[77) - X, dx
c1/ |D'u,| P dxdt
Lot | > B0 [t | = V< | < Jotrm |+ 1}
|D'uy|Pidxdt — 0 as h— oo,
lotn] >3O ot | = 1< oty | < un |+ 1}

Similarly, we prove that

|Diun—Dium|pi-x“un,umKl}dxdl —0 as h— oo,
Hijin

By combining (6.2)—(6.4), we deduce that

(6.3)

(6.4)

//(ai(x,t,Tn(un),Vun)—ai(x,t,Tm(um),Vum))DiTl(un—um)dxdt—>0 (6.5)
0 JQ

as n, m — oo, then the convergence (4.56) is proved.
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